Abstract. We show that, in quaternionic geometry, the Ward transform is a manifestation of the functoriality of the basic correspondence between the ρ-quaternionic manifolds and their twistor spaces. We apply this fact, together with the Penrose transform, to obtain existence results for hypercomplex manifolds and for harmonic morphisms from hyper-Kähler manifolds.
Introduction
The Gibbons-Hawking construction [4] starts with a positive harmonic function v , on an open subset D of the Euclidean space, and builds the hyper-Kähler metric g = vh + v −1 (dt + A) 2 on D × R , where h is the canonical metric on D and A is a (local) one-form on D such that (v, A) is a monopole; that is, dv = * dA .
It is useful to, also, know the following facts:
(1) (v, A) is a monopole if and only if the exterior derivative of v dt − A is antiself-dual (this is fairly well known and easy to prove), (2) the twistor space Z D×R of (D × R, g) is the holomorphic bundle over the twistor space Z D of (D, h) (Z D is an open subset of O(2) ) corresponding to the monopole (v, A) , through the Ward transform [5] , (3) the projection ϕ : (D × R) → (D, h) is a twistorial harmonic morphism: (3a) ϕ pulls back (local) harmonic functions on (D, h) to harmonic functions on (D × R, g) (see [3] , [9] ), (3b) ϕ corresponds to a surjective holomorphic submersion Φ : Z D×R → Z D mapping the twistor spheres diffeomorphically onto twistor spheres (Φ is just the projection of Z D×R as a bundle over Z D ).
How to generalize this setting to higher dimensions? A partial solution to this problem is known to exist by replacing O(2) with nO(2) , where n ∈ N \ {0} (see [13] and the references therein). In this paper, we adopt a more general approach which, in particular, gives an existence result for harmonic morphisms from hyper-Kähler manifolds whose twistor spaces are built over Z D = O(k) , where k ≥ 2 is even. Briefly, we tackle this problem by observing that the Euclidean space and R are, just, U 2 and U 0 , respectively, where U k is the irreducible representation of dimension k + 1 of SO(3) , with k ≥ 2 even. Then recall that U k is endowed with a SO(3)-invariant Euclidean structure h k , unique up to homotheties. Furthermore, U k is, also, endowed with a natural structure, which we call ρ-quaternionic [11] (see, also, [7, 8, 10] ), whose twistor space is O(k) ; here, ρ is given by the projection from E = U k ⊕ U k−2 onto U k . This way, D can be any open subset of U k , and, as E is a quaternionic vector space we, also, have an adequate notion of anti-self-dual two-form; that is, a two-form whose (0, 2)-components with respect to all compatible linear complex structures are zero. Now, one of the main tasks is to establish the Ward transform for ρ-quaternionic manifolds. In doing this, we realized that, in quaternionic geometry, the Ward transform is a manifestation of the functoriality of the basic correspondence between the ρ-quaternionic manifolds and their twistor spaces. Also, the adequate higher dimensional version of the notion of monopole is provided by the anti-self-dual principal ρ-connections.
For simplicity, in this paper, we work only in the complex analytic category. In Section 1 we review the ρ-quaternionic vector spaces. Then in Sections 2 and 3 we deal with the Ward transform, where the main results are Theorems 2.4 and 3.4 but, along the way, other facts are obtained (such as, Remark 2.5 ) which are important for the intended applications.
In Section 4 we show that hypercomplex manifolds, obtained through the Ward transform, admit compatible hyper-Kähler metrics (Theorem 4.2 ). Moreover, these hyper-Kähler manifolds are domains of harmonic morphisms (Corollary 4.5 ). Furthermore, to define the relevant 'harmonic sheaf' on the codomains of these harmonic morphisms, we introduce a (generalized) Obata ρ-connection whose existence is, also, provided by the Ward transform.
The applications are continued in Section 5 , where, firstly, we define in a convenient way the relevant notion of pluriharmonicity (Definition 5.1 ), given by the Penrose transform. This is then used to obtain a natural correspondence between hypercomplex manifolds, whose twistor spaces are principal bundles with abelian structural groups, and certain cohomology classes (Corollary 5.4 ).
ρ-quaternionic vector spaces
We shall ignore the conjugations; that is, we shall work in the complex analytic category. Thus, all the objects and maps are assumed complex analytic and by the tangent bundle of a manifold we shall mean the holomorphic tangent bundle; in particular, all the vector spaces are assumed complex.
Firstly, we formulate the complex versions of two classical notions. Definition 1.1. A linear hypercomplex structure on a vector space E is a morphism of (unital) associative algebras from gl(2, C) to End E . Two linear hypercomplex structures σ, σ ′ : gl(2, C) → End E are equivalent if there exists a ∈ GL(2, C) such that σ ′ = σ•Ad a . An equivalence class of linear hypercomplex structures is called a linear quaternionic structure.
A hypercomplex/quaternionic vector space is a vector space endowed with a linear hypercomplex/quaternionic structure.
Let (E, σ) and (E ′ , σ ′ ) be hypercomplex vector spaces. A hypercomplex linear map α : (E, σ) → (E ′ , σ ′ ) is a linear map such that α σ(A)u = σ ′ (A)α(u) , for any A ∈ gl(2, C) and u ∈ E .
For the reader's convenience, we supply a proof for the following known result. 
Proof. Note that, σ is injective, because gl(2, C) is a simple associative algebra.
Let τ k : sl(2, C) → End U k be the irreducible representation (of Lie algebras) with dim U k = k + 1 , k ∈ N . As σ is injective, the representation of sl(2, C) induced by σ on E decomposes into a direct sum of irreducible representations each of which is isomorphic to τ k , for some k in M a finite subset of N .
Consequently, for each k ∈ M we obtain a morphism of associative algebras from gl(2, C) to End U k which when restricted to sl(2, C) gives τ k , up to isomorphisms.
It is easy to see that 0 / ∈ M , because any morphism of associative algebras from gl(2, C) to End U 0 must have the kernel equal to sl(2, C) which is not an associative subalgebra of gl(2, C) .
Furthermore, as for any A ∈ sl(2, C) \ {0} with A 2 = 0 we have that τ k (A) is a nilpotent matrix of degree k + 1 , we deduce that M = {1} . The proof quickly follows.
is a pair formed of a linear map α : E → E ′ and an element ±a ∈ PGL(2, C) = GL(2, C)/{±1} such that α σ(A)u = σ ′ (A) • Ad a α(u) , for any A ∈ gl(2, C) and u ∈ E . Corollary 1.3. Let E, [σ] be a quaternionic vector space. Then there exists a vector space F and a quaternionic linear isomorphism α : E → C 2 ⊗ F , where the latter is endowed with the obvious linear quaternionic structure.
Moreover, for any such vector spaces F , F ′ and quaternionic linear isomorphisms α, α ′ there exists a pair (a, b) , with a ∈ SL(2, C) and b : F → F ′ a linear isomorphism such that α ′ = (a ⊗ b) • α ; moreover, if E is nontrivial, (a, b) and (−a, −b) are the only pairs with these properties.
It is useful to reformulate Corollary 1.3 , as follows, where CP 1 is embedded as the conic of nilpotent elements of sl(2, C) . Corollary 1.4. Let [σ] be a linear quaternionic structure on E . Then dim E = 2k , for some k ∈ N \ {0} , and, on associating to any A ∈ sl(2, C) \ {0} with A 2 = 0 the kernel of σ(A) , we obtain a well defined (in particular, depending only of [σ] ) map ζ : CP 1 → Gr k (E) with the following properties:
(i) ζ is an embedding, (ii) the pull back through ζ of the tautological exact sequence of vector bundles over Gr k (E) gives Proof. If ζ : CP 1 → Gr k (E) satisfies (i) and (ii) then the cohomology sequence of (1.1)
The correspondence of Corollary 1.4 is functorial in an obvious way. Let ζ : CP 1 → Gr k (E) be the embedding corresponding to a linear quaternionic structure on E , dim E = 2k . We denote E z = ζ(z) , for any z ∈ CP 1 .
Definition 1.5 ([11])
. A linear ρ-quaternionic structure on a vector space U is a pair (E, ρ) , where E is a quaternionic vector space and ρ : E → U is a linear map such that E z ∩ kerρ = {0} , for any z ∈ CP 1 . A ρ-quaternionic vector space is a vector space endowed with a linear ρ-quaternionic structure.
If in Definition 1.5 , E is a hypercomplex vector space then we obtain the notion of ρ-hypercomplex vector space.
Let (E, ρ) be a linear ρ-quaternionic structure on U . Then z → ρ(E z ) , (z ∈ CP 1 ) , defines an embedding of CP 1 into Gr k (U ) , where dim E = 2k . Moreover, the 'restriction' to CP 1 of the tautological vector bundle over Gr k (U ) is (isomorphic to) O(−1)⊗F , for some vector space F , and we, thus, obtain an exact sequence
in particular, U is nonnegative. Note that [11] , the exact sequence (1.2) determines (E, ρ) . Indeed, the cohomology sequence of its dual gives a linear map from H 0 (O ⊗ U * ) = U * to H 0 kO(1) = E * which is the transpose of ρ . We call U the (holomorphic) vector bundle of (U, E, ρ) .
Conversely, as [14] any nonnegative vector bundle over the sphere is uniquely obtained through an exact sequence like (1.2) , we obtain a functorial correspondence between ρ-quaternionic vector spaces and nonnegative vector bundles over the sphere.
Note that, here, the morphisms of vector bundles are covering (holomorphic) diffeomorphisms of the sphere. If we restrict to morphisms covering the identity map we obtain the basic functorial correspondence between ρ-hypercomplex vector spaces and nonnegative vector bundles over the sphere.
The infinitesimal Ward transform
We start this section with the following simple fact which will be useful later on. Proof. Let U ′′ = ker Φ , and let U , U ′ and U ′′ be the spaces of sections of U , U ′ , and U ′′ , respectively. The cohomology sequence of 0 −→ U ′′ −→ U ′ Φ −→ U −→ 0 gives, because U ′′ is nonnegative, an exact sequence of vector spaces 0 −→ U ′′ −→ U ′ ϕ −→ U −→ 0 , where ϕ is a surjective linear map.
We know that, for example, U is nonnegative if and only if, for any z ∈ CP 1 , the restriction map r z : U → U z , s → s z , is surjective.
Let z ∈ CP 1 , and denote by r ′ z and r ′′ z the corresponding restriction maps of U ′ and U ′′ , respectively. As U ′′ is nonnegative and the restriction of r ′ z to U ′′ is r ′′ z , we have U ′′ z ⊆ im r ′ z . Hence, by Lemma 2. Proof. Note that the condition W ⊆ im T is equivalent to the condition that the annihilator of W contains the kernel of the transpose of T . Thus, the dual of the conclusion reads: T is injective if and only if T | W is injective and ker T ⊆ W . As this is obvious, the proof is complete. Then the following assertions are equivalent:
Proof. Firstly, note that both (i) and (ii) are equivalent to the fact that (up to a diffeomorphism of the sphere) ϕ maps each E ′ z isomorphically onto E z . Now, note that, ker ϕ is the space of sections of ker Φ . Thus, E ′ z ∩ ker ϕ = {0} , for any z ∈ CP 1 , if and only if the following fact holds: (a) the nonzero sections of ker Φ are nonzero at each point.
Also, dim E = dim E ′ is equivalent to the following fact: (b) the dimension of ker ϕ is equal to the rank of ker Φ .
To complete the proof of the equivalence of (i) , (ii) and (iii) , just note that (iii) holds if and only if both (a) and (b) hold.
Note that, if (E, ρ) is a linear ρ-quaternionic structure on U then ρ : E → U is a ρ-quaternionic linear map. Thus, if E and U are the vector bundles of E and U , respectively, then ρ corresponds to a morphism of vector bundles R : E → U whose kernel and cokernel are O ⊗ kerρ and O ⊗ cokerρ , respectively. Consequently, the following assertions are equivalent: Then U ′ is nonnegative and, if (U, E, ρ) and (U ′ , E ′ , ρ ′ ) are the ρ-quaternionic vector spaces corresponding to U and U ′ , respectively, then the ρ-quaternionic linear map ϕ : U → U ′ determined by Φ is surjective and induced by a quaternionic linear isomorphism E = E ′ ; moreover, any such ρ-quaternionic linear map is obtained this way from a surjective morphism of nonnegative vector bundles whose kernel is trivial.
Furthermore, if U is positive then, under the linear isomorphisms E = E ′ and (kerρ) * = H 1 U * , the linear map ρ ′ | kerρ corresponds to the opposite of the cohomology class of the given exact sequence; also, U ′ is a quaternionic vector space (equal to E ′ ) if and only if ρ ′ | kerρ is an isomorphism.
Proof. Proposition 2.1 gives that U ′ is nonnegative, whilst Proposition 2.3 gives the identification E = E ′ and the fact that U ′′ = O ⊗ ker ϕ .
As (under E = E ′ ) we have ϕ • ρ ′ = ρ we, also, have ρ ′ (kerρ) ⊆ ker ϕ . Thus, if U is positive and we denote by E the vector bundle of E , we obtain the following commutative diagram
which, through the cohomology sequences of the rows of its dual, gives 0
where, because O⊗(ker ϕ) * is trivial, the linear map o : (ker ϕ) * → H 1 (U * ) is, up to the equality of Hom (ker ϕ) * , H 1 U * and H 1 Hom O ⊗ (ker ϕ) * , U * , the cohomology class of the dual of the given exact sequence (determined by Φ ). As this cohomology class is the opposite (of the transpose) of the cohomology class of the given sequence [1, Proposition 3] , it remains to prove the last statement. But o is an isomorphism if and only if the cohomology groups of the dual of U ′ are zero. As the latter condition is equivalent to U ′ = O(1) ⊗ F , for some vector space F , the proof is complete.
As a short exact sequence of vector bundles is determined, only up to an equivalence class, by its cohomology class (see [1] ), it is, obviously, useful to work with cocycles, instead. This way, we obtain another description of the isomorphism (kerρ) * = H 1 U * , where (U, E, ρ) is a ρ-quaternionic vector space, with ρ surjective, and U is its vector bundle.
Remark 2.5. Let U be a positive vector bundle over the sphere and let (U, E, ρ) be the corresponding ρ-quaternionic vector space. Then U = H 0 (U ) and, on fixing a linear quaternionic isomorphism E = C 2 ⊗ F , the dual of (1.2) gives
Identify the sphere with C ⊔ {∞} and take a cover of it {D 0 , D ∞ } such that D 0 is an open disk with centre 0 containing the unit circle S 1 (with centre 0), and D ∞ is the complement of a closed disk with centre 0 and which is disjoint from S 1 ; in particular,
By using the Cauchy formula we deduce that, up to a constant factor, we have
where γ is the canonical parametrization of S 1 . Now, there is a unique ξ ∈ E * whose corresponding section s ξ of O(1) ⊗ F * is equal to τ • h 0 at 0 and is zero at ∞ . Equivalently, as h 0 and h ∞ differ by a section of ker τ , on the intersection of their domains, τ • h 0 and τ • h ∞ are the restrictions of s ξ to D 0 and D ∞ , respectively.
The space of sections of O(1)⊗F * which are zero at ∞ is supplementary to the image of
dt is a natural (up to the choice of the 'Poles') lift of the isomorphism H 1 U * = E * /U * = (kerρ) * determined by the cohomology sequence of (2.1) . Finally, note that, the element of (kerρ) * corresponding to the cohomology class [h] is the image of α(h) through a surjective linear map p : U * → (kerρ) * , whose kernel is U * ∩Ann(E 0 ) + U * ∩Ann(E ∞ ) , where U * is embedded into E * through ρ * .
The Ward transform
A bundle of associative algebras is a vector bundle whose typical fibre is an associative algebra and whose structural group is the automorphism group of that algebra.
A quaternionic vector bundle is a vector bundle E endowed with a pair (A, σ) , where A is a bundle of associative algebras, with typical fibre gl(2, C) , and σ : A → EndE is a morphism of bundles of associative algebras.
Alternatively, a quaternionic vector bundle is a vector bundle E with typical fibre C 2 ⊗ C k and structural group SL(2, C) · GL(k, C) acting on the typical fibre such that to any ±(a, A) ∈ SL(2, C) · GL(k, C) we associate a ⊗ A , (k ∈ N) .
A hypercomplex vector bundle can be defined, also, as a vector bundle E with typical fibre C 2 ⊗ C k and structural group GL(k, C) acting on the typical fibre such that to any A ∈ GL(k, C) we associate Id C 2 ⊗ A , (k ∈ N) .
Let (E, A, σ) be a quaternionic vector bundle. The kernels of the nilpotent elements of A\0 form the total space of a sphere bundle π : Y → M . Moreover, on associating to any nilpotent A ∈ A\0 the kernel of σ(A) we obtain a bundle morphism ζ : Y → Gr k (E) which determine (A, σ) , where rank E = 2k . With respect to the principal bundle with structural group SL(2, C) · GL(k, C) , to which E is associated, Y is associated through the morphism of Lie groups SL(2, C) · GL(k, C) → PGL(2, C) , ±(a, A) → ±a . Definition 3.1. A ρ-quaternionic (ρ-hypercomplex) vector bundle is a vector bundle U , over a manifold M , endowed with a pair (E, ρ) , where E is a quaternionic (hypercomplex) vector bundle over M and ρ : E → U is a morphism of vector bundles such that (E x , ρ x ) is a linear ρ-quaternionic (ρ-hypercomplex) structure on U x , for any x ∈ M .
An almost ρ-quaternionic (ρ-hypercomplex) manifold is a manifold whose tangent bundle is ρ-quaternionic (ρ-hypercomplex).
Let (M, E, ρ) be an almost ρ-quaternionic manifold, rank E = 2k . Denote H = SL(2, C) · GL(k, C) and let (P, M, H) be the bundle of 'quaternionic frames' of E ; that is, E is associated to P through the action of H on C 2 ⊗ C k .
To define the notion of integrability, adequate to this context, we need the 'principal ρ-connections' of [11] . For (P, M, H) and ρ : E → M this is as follows. Let T P/H be the vector bundle over M whose sections, over some open subset U ⊆ M , are the H-invariant vector fields on P | U [1] . Denote by dπ P the morphism of vector bundles from T P/H to T M induced by dπ P , where π P : P → M is the projection.
A principal ρ-connection on P is a morphism of vector bundles c P : E → T P/H such that dπ P • c P = ρ . Then, similarly to the case of (classical) principal connections [1] , the obstruction to the existence of principal ρ-connections on P is an element of H 1 M, Hom(E, AdP ) . Furthermore, up to the curvature (for which, one needs a suitable bracket on the sheaf of sections of E) the theory of principal connections admits a straight generalization to principal ρ-connections. In particular, any principal ρ-connection c P on P determines an associated connection on Y which is a morphism of vector bundles c : π * E → T Y which when composed with the morphism from T Y to π * (T M ) , determined by dπ , gives π * ρ . Now, let C be the distribution on Y given by C y = c ζ(y) , for any y ∈ Y .
Definition 3.2 ( [11]
). The almost ρ-quaternionic structure (E, ρ) is integrable, with respect to c , if C is integrable. Then (M, E, ρ, c) is a ρ-quaternionic manifold.
Suppose, further, that there exists a surjective submersion ψ : Y → Z such that ker dψ = C , and ψ restricted to each fibre of π is injective. Then Z is the twistor space of (M, E, ρ, c) , and, for any x ∈ M , the sphere ψ(π −1 (x)) , embedded into Z , is a twistor sphere.
Let (M, E, ρ, c) be a ρ-quaternionic manifold such that E is a hypercomplex vector bundle and c is (induced by) the trivial flat connection corresponding to the isomor-
Let (M, E, ρ, c) be a ρ-hypercomplex manifold with twistor space Z given by the surjective submersion ψ : Y → Z. We shall, further, assume that the projection Y = M × CP 1 → CP 1 factorises into ψ followed by a submersion from Z onto CP 1 .
A ρ-quaternionic manifold for which ρ is surjective is called a quaternionic object. A ρ-hypercomplex manifold for which ρ is surjective is called a hypercomplex object. Definition 3.3. Let (M, E, ρ, c) be a ρ-quaternionic manifold; denote by π : Y → M the sphere bundle induced by (E, ρ) and by C the foliation induced by c.
Let (P, M, G) be a principal bundle endowed with a principal ρ-connection c P . We say that c P is anti-self-dual if (locally) its restriction to the image through π of any leaf of C is (induced by) a flat principal connection.
It is useful to have an alternative description of the anti-self-duality condition for connections. For this, with the same notations as in Definition 3.3 , note that, c allows us to take the pull back through π of any principal ρ-connection c P on (P, M, G) . Then c P is anti-self-dual if and only if π * (c P ) restricted to C is flat. Now, we can give the main result of this section.
Theorem 3.4. Let (M, E, ρ, c) be a ρ-quaternionic manifold with twistor space Z given by ψ : Y → Z. Then for any principal bundle (P, Z, G) , whose restriction to each twistor sphere is trivial, there exists a unique principal bundle (P, M, G) , endowed with an anti-self-dual principal ρ-connection, such that ψ * P = π * P .
Conversely, if the fibres of ψ are simply connected then any principal bundle over M , endowed with an anti-self-dual principal ρ-connection, is obtained, this way, from a unique principal bundle over Z, whose restriction to each twistor sphere is trivial.
Proof. Let (P, M, G) be a principal bundle over Z whose restriction to each twistor sphere is trivial; denote by Φ its projection. Then through each point of P passes an embedded sphere which is diffeomorphically projected by Φ onto a twistor sphere. Moreover, if t ⊆ P is such a sphere then dΦ induces an exact sequence
where N t and N t are the normal bundles of t and Φ(t) into P and Z, respectively. From Theorem 2.4 we obtain that N t is nonnegative. Hence, by [11] , there exists a ρ-quaternionic manifold (P, E ′ , ρ ′ , c ′ ) whose twistor space is P. Moreover, G acts freely on P and Φ corresponds to a surjective submersion ϕ : P → M ; consequently, (P, M, G) is a principal bundle. Also, the sphere bundle of (E ′ , ρ ′ ) can be canonically identified with both ψ * P and π * P . Now, by applying, again, Theorem 2.4 , we deduce that E ′ = ϕ * E and dϕ • ρ ′ = ϕ * ρ , where dϕ : T P → ϕ * (T M ) is the morphism of vector bundles induced by dϕ . Thus, as ρ ′ is also G-invariant, it defines a principal ρ-connection on (P, M, G) , whose pull back by π (with respect to c) must be flat along the fibres of ψ , because ψ * P = π * P .
Conversely, suppose that the fibres of ψ are simply-connected and let (P, M, G) be a principal bundle endowed with an anti-self-dual connection c P . Then there exists a principal bundle (P, Z, G) such that ψ * P = π * P . As the restriction of π * P to each fibre of π is trivial, the proof is complete.
The Ward transform and hyper-Kähler manifolds
Let (M, E, ρ, c) be a hypercomplex object with twistor space Z given by the surjective submersion ψ : Y = M × CP 1 → Z. Recall that the normal bundles of the twistor spheres are positive, and we assume that the projection Y → CP 1 factorises as χ • ψ , where χ : Z → CP 1 is a surjective submersion; in particular, the restriction of χ to each twistor sphere is a diffeomorphism. Therefore, for any z ∈ CP 1 , the restriction of ψ to M × {z} defines a surjective submersion ψ z : M → χ −1 (z) .
Let (P, Z, G) be a principal bundle whose restriction to each twistor sphere is trivial, and let (P, M, G) be the principal bundle endowed with a principal ρ-connection c obtained through the Ward transform. Recall that ρ : E = C 2 ⊗ F → T M is the surjective morphism of vector bundles defining the almost ρ-hypercomplex structure of M , where F is some vector bundle over M . Also, c : E → T P/G is a morphism of vector bundles such that dϕ • c = ρ , where ϕ : P → M is the projection and dϕ : T P/G → T M is the induced morphism of vector bundles. In particular, the restriction of c to kerρ takes values into AdP (⊆ T P/G) . From Theorem 2.4 , we obtain that c| kerρ : kerρ → AdP is an isomorphism if and only if P is hypercomplex and its twistor space is P.
From now on, in this section, we chall assume that c| kerρ is an isomorphism, and we shall seek sufficient conditions under which P is endowed with a compatible hyperKähler structure. Let E ⊆ T P/G be the preimage of kerχ through dΦ , where Φ : P → Z is the projection and dΦ : T P/G → T Z is induced by dΦ . Then the restriction of F = χ * O(−1) ⊗ E to each twistor sphere is trivial; moreover, the bundle over M induced by the Ward transform is F . (Note that, the condition F restricted to each twistor sphere be trivial is equivalent to c| kerρ be an isomorphism.)
Proposition 4.1. Any compatible hyper-Kähler metric on P , invariant under G, corresponds to a linear symplectic structure on F.
Moreover, if dim P ≥ 8 then any linear conformal symplectic structure on F induces, locally, a compatible hyper-Kähler metric on P .
Proof. Let ∇ be the Obata connection on P . This is characterized by the fact that it is torsion free and compatible with the almost hypercomplex structure of P . It can be, also, described as follows. Let χ P = χ • Φ , where Φ : P → Z is the projection, and let E P = ϕ * E = C 2 ⊗ F P , where F P = ϕ * F . Then F P corresponds, through the Ward transform, to F P = χ * P O(−1) ⊗ (ker dχ P ) ; denote by ∇ F P the corresponding anti-self-dual connection on F P . Then ∇ is the tensor product of the trivial connection on P × C 2 and ∇ F P . Now, any compatible hyper-Kähler metric on P corresponds to a linear symplectic structure on F P which is covariantly constant with respect to ∇ F P . Together with the Ward transform, this shows that any compatible hyper-Kähler metric on P corresponds to a linear symplectic structure on F P . This quickly implies the first statement.
For the second statement, note that, any linear conformal symplectic structure on F P induces a conformal structure on P which is Hermitian; that is, for any z ∈ CP 1 , the fibres of ψ z are isotropic with respect to this conformal structure. As ∇ preserves this conformal structure and dim P ≥ 8 , this completes the proof.
We know that the ρ-quaternionic vector spaces whose vector bundles are positive line bundles are given by the irreducible representations U k of SL(2, C) , with dim U k = k+1 , k ∈ N \ {0} . The linear ρ-quaternionic structure of U k is given by E = U 1 ⊗ U k−1 = U k−2 ⊕ U k and the projection ρ : E → U k , (k ∈ N \ {0}) , where U 0 is the trivial one-dimensional representation. Also, the vector bundle of U k is O(k) , and, if k is even, there exists a SL(2, C)-invariant Euclidean structure h k on U k , unique up to homotheties. Proof. Let k ≥ 4 be such that dim P = 2k . Then the normal bundle of each twistor sphere in Z is O(k) , and we claim that the frame bundle of F admits a reduction to GL(2, C) = GL(U 1 ) through its representation on U k−1 (= ⊙ k−1 U 1 ) , restricting to the corresponding irreducible representation of SL(2, C) .
Indeed, let z ∈ Z and let t ⊆ Z be a twistor sphere such that z ∈ t . Then F| t is trivial and dΦ induces a surjective morphism of vectors bundles µ t :
is an isomorphism. Consequently, the fibre F z is endowed with a linear ρ-quaternionic structure, whose vector bundle is O(k − 1) and is therefore determined, up to a nonzero factor, by a Veronese embedding ζ t : t → P F * z . Now, for the generic twistor sphere t ′ ⊆ Z with z ∈ t ′ we have that t and t ′ intersect in k 'linearly independent' points (because the twistor spheres in Z have normal bundle O(k) ). But ζ t and ζ t ′ are equal at each point of t ∩ t ′ . Hence, up to the diffeomorphism t = t ′ , induced by χ P , we have ζ t = ζ t ′ , and the claim is proved.
As k is even, any nonzero element of Λ 2 U 1 determines a linear conformal symplectic structure on F and, by Proposition 4.1 , the proof is complete.
Next, in this section, we concentrate on proving that ϕ of Theorem 4.2 is a harmonic morphism. Firstly, note that, if Z is a surface and dim M = k + 1 then ϕ is horizontally conformal with respect to the conformal structure induced by h k on M . Indeed, up to nonzero factors, at each point of M , the differential of ϕ is modelled by the projection
The Obata ρ-connection. We shall use the same notations as in the beginning of this section with the further assumption that the normal bundle in Z of one (and, hence, any) twistor sphere is lO(k) for some positive integers k and l . Therefore the restriction of ker dχ to each twistor sphere is isomorphic to lO(k) . Thus, on denoting
, then the restriction of F M to each twistor sphere is trivial. Let F M be the vector bundle over M endowed with an anti-self-dual ρ-connection ∇ F M determined by F M , through the Ward transform; obviously, rank F M = l .
Consequently, T M = (M × U k ) ⊗ F M and we call the the tensor product ∇ M of (the ρ-connection induced by) the trivial connection on M × U k and ∇ F M the Obata ρ-connection of M .
To characterise the Obata ρ-connection, note that, up to integrability, the structure of M is given by a reduction of its frame bundle to GL(l, C) through its representation on U k ⊗ C l , given by a → Id U k ⊗ a , for any a ∈ GL(l, C) . (1) ∇ M is compatible with the almost GL(l, C)-structure of M ; in particular, ∇ M preserves ker dψ z , for any z ∈ CP 1 .
(2) The ρ-connection induced by ∇ M on the normal bundle of each fibre of ψ z is given by the partial Bott connection defined by ker dψ z , for any z ∈ CP 1 .
Proof. Condition (1) applied to any connection ∇ is equivalent to the fact that ∇ is the tensor product of the trivial flat connection on M × U k and a ρ-connection ∇ 1 on F M . Assuming that this holds, ∇ 1 is anti-self-dual if and only if, for any z ∈ CP 1 , the restriction of ∇ 1 to the fibres of ψ z is flat.
Let z ∈ CP 1 . It is easy to see that the restriction of F M to any fibre of ψ z is isomorphic to the normal bundle of that fibre. Therefore, up to this isomorphisms, condition (2) applied to ∇ 1 and z says that the restriction of ∇ 1 to each fibre of ψ z is the flat connection whose covariantly constant sections are characterized by the fact that are projectable with respect to ψ z . Now, recall that F M is characterised by ψ * F M = π * F M ) , and ∇ F M is characterized by the fact that its pull back to Y = M × CP 1 is the trivial flat connection when restricted to the fibres of ψ . As, essentially, ψ z is the restriction of ψ to M × {z} we deduce that condition (2) characterizes ∇ M among the ρ-connections satisfying (1) .
Suppose, now, that l = 1 and k is even, and let [h] be the conformal structure on M induced by h k . The almost ρ-hypercomplex structure of M is given by (E, ρ) , where
Therefore ρ admits a canonical section through which T M becomes a subbundle of E . Thus, the Obata connection ∇ M induces, by restriction, a (classical) connection on M which we shall denote by D.
Recall [6] Proof. Firstly, we shall rewrite the harmonicity equation in a convenient way. For this, we shall, also, denote by [h] the linear conformal structure on E with respect to which T M and kerρ = (M × U k−2 ) ⊗ F M are orthogonal onto each other, and whose restriction onto the latter is induced by h k−2 .
Note that, for any (local) function f on M we have that ∇ M df is a section of E * ⊗ T * M . Consequently, β f = (Id E * ⊗ ρ * )(∇ M df ) is a section of ⊗ 2 E * . Then, as β f (V, V ) = 0 for any V ∈ kerρ , we obtain that f is harmonic if and only if trace h (β f ) = 0 .
Let z ∈ CP 1 \ {z} and let (s 1 , . . . , s k , s1, . . . , sk) be a local frame of E with the following properties: 1) (s 1 , . . . , s k ) and (s1, . . . , sk) are local frames of M × ({ℓ}
2) the orthogonal 'complements' of ρ(s 1 ) and ρ(s1) are ker dψ z and ker dψz , respectively (equivalently, under the embedding T M ⊆ E we have that (the images of) s 1 and s1 are contained by ker dψ z and ker dψz , respectively);
3) ρ • s a and ρ • sã are contained by the intersection of ker dψ z and ker dψ z , for any a = 1, . . . , k .
Then the only components of h , with respect to (s 1 , . . . , s k , s1, . . . , sk) , which may be nonzero are h ab = h(s a , sb) and hã b = h bã , with a, b = 1, . . . 
Now, by using Proposition 4.3 we deduce that β f (sã, s b ) = 0 , for any a and b , and β f (s a , sb) = 0 , if b ≥ 2 . Also, h a1 = 0 , for any a ≥ 2 .
Thus, trace h (β f ) = h 11 β f (s 1 , s1) . But, by using, again, Proposition 4.3 , we obtain
The proof is complete.
In the following result k ≥ 4 (is even), and ϕ : (P, g) → M is as in Theorem 4.2 . Proof. We already know that ϕ is horizontally conformal. Thus, it is sufficient to show that ϕ is harmonic; that is, trace g (∇ ⊗ D)(dϕ) = 0 (see [6] ).
With the same notations as in Proposition 4.4 , at each x ∈ M , the differentials of the harmonic functions w • ψ z , z ∈ CP 1 , generate T * x M . This fact, together with an application of the chain rule show that ϕ is harmonic.
For the last statement, note that the Obata ρ-connection of U k is given by the trivial connection on T U k = U k × U k . Thus, ϕ : (P, g) → (U k , h k ) is a harmonic morphism between Riemannian manifolds.
The last statement of Corollary 4.5 still holds for k = 2 ; then ϕ is given by the Gibbons-Hawking construction. Note that, up to the fact that g is compatible with the hypercomplex structure of P , our approach works in this case as well.
Pluriharmonic functions and hypercomplex manifolds
In this section, we consider only hypercomplex objects, although some of the facts hold in the more general setting of ρ-hypercomplex manifolds.
Let (M, E, ρ, c) be a hypercomplex object with twistor space Z given by the surjective submersion ψ : Y = M × CP 1 → Z. Recall that then the normal bundles of the twistor spheres are positive, and we assume that the projection Y → CP 1 factorises as χ • ψ , where χ : Z → CP 1 is a surjective submersion whose restriction to each twistor sphere is a diffeomorphism. Therefore, for any z ∈ CP 1 , the restriction of ψ to M ×{z} defines a surjective submersion ψ z : M → χ −1 (z) .
Let γ be a (parametrized) great circle on the sphere, which will be fixed throughout this section. 
The sheaf (of germs) of pluriharmonic functions is just the image of the Penrose transform, with respect to χ * (O(−1)) . Consequently, if M is of constant type (equivalently, any two twistor spheres have isomorphic normal bundles), the sheaves of pluriharmonic and quaternionic pluriharmonic functions are equal (consequence of [12] , where, also, the definition of the latter sheaf can be found).
In this section, G will denote an abelian Lie group given by a vector space; in particular, its Lie algebra is G and the exponential map is Id G .
Let u : M → G be pluriharmonic. Then, with the same notations as in Remark 2.5 , at least locally, we may suppose that u is given by a G-valued function h defined on an open set of the form χ −1 (D 0 ∩ D ∞ ) , for suitably chosen open disks D 0 and D ∞ . Then h gives the cocycle defining a principal bundle (P, Z, G) , which we call the principal bundle defined by u . (Note that, a suficient condition for P to depend only of u is that the Penrose transform be injective. In general, the reader may use the notation u h for the pluriharmonic function given by the germ h .)
In the following results, we shall use the notations given by Remark 2.5 . Proof. Let (P, Z, G) be a principal bundle. Let x ∈ M and let t x ⊆ Z be the corresponding twistor sphere. By using [15] , we can find two open subsets D 0 and D ∞ of Z which are Stein and, with the same notations as in Remark 2.5 , applied to t x = C ⊔ {∞} , we have:
By restricting to an open neighbourhood of x such that the twistor spheres corresponding to its points are contained by D 0 ∪ D ∞ , we may suppose that Z = D 0 ∪ D ∞ . Moreover, (by further restricting that neighbourhood of x ), we may suppose that for any twistor sphere t we have that
Then, with respect to the open covering {D 0 , D ∞ } , the principal bundle P is given by a map h : D 0 ∩ D ∞ → G. Now, we define u : M → G by using (5.1) , thus, proving the first statement.
Note that, because G is abelian, dh gives a cocycle for the obstruction [1] to the existence of a principal connection on (P, Z, G) ; denote by o this obstruction. As the restriction of P to any twisor sphere t is trivial, from Proposition A.1 we obtain that o| t is given by the exact sequence of (3.1) applied to t (and with G = G). Now, the second statement follows quickly from Theorem 2.4 and the proof of Theorem 3.4 . Proof. This is an immediate consequence of Proposition 5.2 and Theorem 2.4 .
Let (U, E, ρ) be a ρ-quaternionic vector space, with ρ surjective, and let U be its vector bundle. Obviously, U is a hypercomplex object with twistor space U . Note that, in this case, χ : U → CP 1 is the bundle projection. Also, recall that, there exists a canonical isomorphism H 1 U * = (kerρ) * .
In the following result, we make no distinction between a principal bundle and its equivalence class. Then there exists a natural correspondence between the following: (i) Hypercomplex manifolds whose twistor spaces are principal bundles over Z with structural group G.
(ii) Elements of H 1 Z, χ * U * ⊗ G whose restrictions to each twistor sphere are invertible.
Furthermore, if U = O(k) , with k ≥ 2 even, then any hypercomplex manifold P obtained through this correspondence may be endowed with a hyper-Kähler metric such that the projection P → M be a harmonic morphism.
Proof. By using [2, Corollary] we obtain, similarly to [13, §5] , a natural isomorphism H 1 Z, G = H 1 Z, χ * U * ⊗ G . Then the correspondence follows quickly from (the proof of) Proposition 5.2 .
The last statement is an immediate consequence of Corollary 4.5 .
Here we prove a result used in the proof of Proposition 5.2 . Recall that, we work in the complex-analytic category.
Let (P, M, G) be a principal bundle, and let π : P → M be its projection. Denote by o ∈ H 1 M, Hom(T M, AdP ) the obstruction [1] to the existence of a principal connection on P .
Let N ⊆ M be a submanifold and suppose that there exists s : N → P a section of P | N . On identifying N and s(N ) we have the following exact sequence of vector bundles over N 
